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Abstract 

We extend Morita theory to abelian categories by using wide Morita contexts. Sev- 
eral equivalence results are given for wide Morita contexts between abelian categories, 
widely extending equivalence theorems for categories of modules and comodules due to 
Kato, Miiller and Berbec. In the case of Grothendieck categories we derive equivalence 
results by using quotient categories. We apply the general equivalence results to rings 
with identity, rings with local units, graded rings, Doi-Hopf modules and coalgebras. 
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Introduction and preliminaries 

Morita contexts appeared in the work of Morita on equivalence of categories of modules 
over rings with identity. A fundamental result of Morita says that the categories of modules 
over two rings with identity R and S are equivalent if and only if there exists a strict Morita 
context connecting R and S. Morita contexts have been used to the study of group actions on 
rings and Galois theory for commutative rings (see [16]). A Morita theory for rings with local 
units was developed in [3] . Several Morita contexts were constructed in connection to Galois 
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theory for Hopf algebra actions and coactions (see [11], [8], [4]), where Hopf-Galois extensions 
are characterized by the surjectivity of one of the Morita maps. As an application, the finite 
dimensional version of the duality theorem of Blattner-Montgomery ([6]) was deduced and 
explained in a nice way by using Morita contexts and Hopf-Galois theory in [29]. 

A Morita context gives rise to an equivalence of categories if and only if it is strict, 
i.e. if both Morita maps are surjective. A natural question that was posed was how far is 
an arbitrary Morita context from an equivalence of categories. An answer is given by the 
Kato-Miiller Theorem (see [20], [24]), which briefly says (in the formulation of Miiller) that 
if the rings R and S are connected by a Morita context, then certain quotient categories of 
R — mod and S — mod are equivalent. 

A concept dual to Morita contexts was constructed for coalgebras by Takeuchi in [28], 
where he defines what is now known as a Morita- Takeuchi context connecting two coalgebras, 
and proves that the categories of comodules over two coalgebras C and D are equivalent if 
and only if C and D are connected by a strict Morita- Takeuchi context. A result dual 
to the Kato-Miiller Theorem for Morita- Takeuchi contexts and the associated categories of 
comodules was proved by Berbec in [5]. 

Inspired by [26], where an equivalence result for the subcategories of R—mod and S—mod 
consisting of the trace-torsionfree trace-accessible modules was proved in the case where the 
rings R and S are connected by a Morita context, Castaho Iglesias and Gomez Torrecillas 
define in [9], [10] the concept of a wide Morita context for abelian categories. A datum 
(F, G, rj, p) is called a right wide Morita context between the abelian categories A and B if 
F : B — > A and G : ^4 — > B are right exact functors, and rj : F o G — > 1^ and p : G o F — > 1 B 
are natural transformations with the property that Grj = pG and Fp = rjF. A left wide 
Morita context is a datum which is a right wide Morita context when regarded between the 
dual categories. Both Morita contexts and Morita- Takeuchi contexts can be regarded as 
particular wide Morita contexts, so this approach can be seen as a way to unify (as much as 
possible) Morita theory for modules and comodules. 

The aim of this paper is two-fold. On one hand, we study general properties of wide 
Morita contexts and we explain how they allow extending Morita theory to abelian categories. 
As a generalization of Morita's result, we show that an equivalence of abelian categories is 
essentially a strict wide Morita context. On the other hand we give several equivalence 
results which widely extend the results of Kato, Miiller and Berbec. We give a general 
equivalence result for wide Morita contexts between abelian categories, and we derive several 
equivalence theorems for the case where the categories are Grothendieck. The Miiller type 
equivalence result for Grothendieck categories seems to be the most interesting since the 
quotient categories are also Grothendieck categories, and this general framework can be 
applied to a large number of examples. We apply the general results about wide Morita 
contexts to rings with identity, rings with local units, graded rings, Doi-Hopf modules and 
coalgebras. Some of the results obtained in this way are known, but we explain them from 
a general point of view, and some others are new. 
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The content of the paper is as follows. In Section 1 we recall the definition of right wide 
Morita contexts and left wide Morita contexts, and present several general properties of 
these. We also define a composition for wide Morita contexts and show that it is associative. 
We define the concepts of isomorphic right wide Morita contexts, and we show that the 
invertible right wide Morita contexts (with respect to the composition previously defined) 
are exactly the strict right wide Morita contexts, i.e. those ones defining an equivalence of 
categories. On the other hand, we show that any equivalence of abelian categories arises 
from a strict right wide Morita context. A fundamental fact that we prove is that to a right 
wide Morita context for which F and G are left adjoint functors, we can associate a left wide 
Morita context whose functors are the right adjoints of F and G. In Section 2 we consider 
the concept of relative injective object with respect to a subcategory and another object, and 
study related properties. This allows us to define a concept of a closed object with respect 
to a subcategory. For any right wide Morita context V between the abelian categories A and 
B such that the functors F and G have right adjoints, we construct subcategories Cr of A, 
and V r of B such that the category of C r -closed objects of A and the category of £> r -closed 
objects of B are equivalent. In Section 3 we consider the dual situation, by defining relative 
projective objects and the dual results for left wide Morita contexts. Since the dual of an 
abelian category is abelian, these results are dual to the ones in Section 2, so they follow 
directly by dualization, and we did not include direct proofs. Even if they follow directly by 
dualization, we include them since they are interesting for several applications. In Section 
4 we consider that A and B are Grothendieck categories. Then it makes sense to consider 
the smallest localizing category Cr that contains Cr, and discuss the connection between Cr- 
closed objects and Cr-closed objects. We prove a general equivalence result by using quotient 
categories and the results of Section 2. In Section 5 we apply the general equivalence result 
to some particular cases. If A and B are categories of modules over rings with identity, we 
obtain as a particular case Kato-Muller Theorem. We get new similar equivalence results 
for Morita contexts associated to graded rings and to rings with local units. The results 
of Section 3 are applied to left wide Morita contexts obtained by taking the Horn functors 
associated to a Morita context. We obtain results of Kato and Ohtake as particular cases. We 
also apply the general equivalence result to Doi-Hopf modules. As particular situations we 
obtain equivalence results for Hopf-Galois extensions and for the case where a total integral 
exists. We derive the Weak Structure Theorem for Hopf-Galois extension as a special case. 
In Section 6 we consider left wide Morita contexts between Grothendieck categories. In the 
case the functors F and G commute with direct limits we obtain a new equivalence result. 
In Section 7 we apply it to Morita- Takeuchi contexts and derive as a particular case the 
theorem of Berbec, and also to Hopf-Galois coextensions. 

For notations and basic concepts we refer to [22] for general category theory issues, to [19], 
[18] and [27] for things related to abelian categories, Grothendieck categories and quotient 
categories, and to [14] and [23] for coalgebras, Hopf algebras and Hopf-Galois theory. If A 
is a category, by a subcategory of A we always mean a full subcategory. If A is an abelian 
category, then the subcategory C of A is closed if it is closed under subobjects, factor objects, 
and arbitrary direct sums. If moreover C is closed under extensions, it is called a localizing 
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subcategory. By functor we always mean a covariant functor. If / : X — > Y and g : Y — > Z 
are two morphisms in a category, their composition is denoted bygof. The same notation is 
used for composition of functors. All the categories we work with are abelian, and all functors 
are additive. If T, S : A — > B are two functors, then a natural transformation 77 : T — > S 
is called an epimorphism (monomorphism) if i](X) is an epimorphism (monomorphism) for 
any X e A. 



1 Wide Morita contexts, equivalence of abelian cate- 
gories and adjunctions 

Let A and B be two abelian categories. Following [9], [10] a datum (F,G,i],p) is called a 
right wide Morita context between the categories A and B if F : B — > A and G : A — > £> are 
right exact functors, and 77 : F o G — > I.4 and p : G o F — > lg are natural transformations 
with the property that G77 = pG and Fp = 77F. Note that in this case (G, F, p, 77) is a right 
wide Morita context between the categories B and A, therefore any general result that we 
prove for F, respectively 77, also holds for G, respectively p. 

Dually, (F, G, 77, p) is called a left wide Morita context between A and B if F : B — > „4 and 
G : A^ B are left exact functors, 7/ : 1^ — > F o G and p : lg^GoF satisfy G77 = pG and 
Fp = 77F. 

Proposition 1.1 Let F = (F,G, 77, p) &e a n^/ii wide Morita context. If 77 is an epimor- 
phisms, then rj is a natural equivalence. Thus if rj and p are epimorphisms, the functors F 
and G give an equivalence between the categories A and B. 

Proof: Assume that 77 is an epimorphism. Let M G A. We have the exact sequence 

— > Ker 77(M) -U (F o G)(M) ^5 M — > 

where i is the inclusion morphism. Since F o G is right exact, we obtain the commutative 
diagram 



(FoG)(Ker77(M)) (F ° G)(2) . (F o G)((F o G)(M)) ( F ° G )^ M )) , (FoG)(M) — 



77(Ker rj{M)) 



— Ker77(M) 
But 



77((FoG)(M)) 



rj(M) 



77(M) 



(FoG)(M) 



77((FoG)(M)) = F{p{G{M))) 

= (FoG)(77(M)) 



M 
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and 



r)((F o G)(M)) o (F o G)(i) = (F o G){r]{M)) o (F o G)(i) 

= (F o G)(r](M) o i) 
= (FoG)(0) 
= 

so i o r](Ker rj(M)) = 0. Since % is a monomorphism, we have rj(Ker r](M)) = 0, and by 
the hypothesis we get Ker r](M) = 0. We conclude that rj(M) is an isomorphism. Similarly 
(or by using the remark that general facts about rj also hold for p) one proves that p is an 
isomorphism whenever it is an epimorphism, so the last part of the statement follows. I 

The terminology of the following definition is inspired by the one for classical Morita 
contexts. It will be clear in Section 5 that in fact wide Morita contexts generalize classical 
Morita contexts. 

Definition 1.2 A right wide Morita context T = (F,G,r),p) is called strict if rj and p are 
epimorphisms (so then by Proposition 1.1, F and G define an equivalence between A and B 
with natural equivalences r] : F o G — > 1^ and p : G o F — > 

Remark 1.3 Let F = (F,G,i],p) be a right wide Morita context between the categories A 
and B. Then we can regard F and G as functors between the dual categories A and B° . It 
is easy to see that in this way T becomes a left wide Morita context between the categories 
A and B°. Note that A and B° are also abelian categories. 

Similarly, any left wide Morita context can be regarded as a right wide Morita context between 
the dual categories. In this way we will be able to transfer results from right to left wide Morita 
contexts. 

A first example of how the above remark can be applied is the following. 

Proposition 1.4 Let (F,G,r),p) be a left wide Morita context. If rj (respectively p) is a 
monomorphism, then it is a natural equivalence. 

Now we define a composition operation for right wide Morita contexts. Let Y = (F, G, rj, p) 
be a right wide Morita context between the categories A and B, and let A = (U, V, e, S) be 
a right wide Morita context between the categories B and C. Define the natural transforma- 
tions 

-y:FoUoVoG^l A , 7 (X) = r](X) o F(e(G(X))) for X e A 
7i :V oGo F oU ^ l c , tt(Z) = 8{Z) o V(p(U(Z))) for Z G C 
Shortly we denote 7 = rj o FeG and n = 5 o VpU. With these notations we have 
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Proposition 1.5 (F o U, V o G, 7, n) is a right wide Morita context between the categories 
A and C. We call this context the composition ofT and A, and we denote it by T o A. 



Proof: We first note that since e : U o V — > lg is a natural transformation, 
morphism u : Y\ — > Y2 in the category £>, we have 

e(7 2 )o([/oy)(u) =uoe(Yi) 

Let Z EC. Then we have 

(FoC/)(7r(Z)) = (FoC/)(5(Z))o(Fo[/oy)(p([/(Z))) 
= F(e(U(Z)))oF((UoV)(p(U(Z)))) 
= F(e(U(Z))o(UoV)(p(U(Z)))) 
= F( P (U(Z))oe((GoFoU)(Z))) (by 1) 
= V (F(U(Z)))oF(e((GoFoU)(Z))) 
= 7 ((Fo[/)(Z)) 

showing that (F o C/)7r = j(F oU). In a similar way we can prove that (V o G)j = ir(V o G). 
I 

The composition of right wide Morita contexts is associative, as the following result 
shows. 

Proposition 1.6 Let us consider three right wide Morita contexts: T from A to B, A from 
B to C, and E from C to V. Then (T o A) o £ = T o (A o £). 

Proof: If T = (F, G, 77, p), A = ([/, V", e, 5), and E = (P, Q, a, it follows directly from the 
definition that 

(roA)oS = ro(AoE) = (Fof/oF,QoV'oG ) j ? o FeG o FUaVG, (3 o Q5P o QVpUP) 

I 

If A is an abelian category, 1.4 : ^4 — > „4 is the identity functor, and Jc?i^ : 1.4 — > 1.4 is 
the identity natural transformation, then clearly we have a right (and also left) wide Morita 
context 1_a = (I4, 1^4, /c?!^, ic^) from A to A We call 1^ the identity wide Morita context. 
It is obvious that for any right wide Morita context V from A to B we have 1^ o V = F and 
r o 1 B = T. Now we define a concept of isomorphism between wide Morita contexts. 



then for any 
(1) 
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Definition 1.7 Let F = (F,G,r),p) and A = (P,Q,a, (3) be two right wide Morita contexts 
between A and B. We say that F and A are isomorphic, and we write F ~ A, if there exist 
natural equivalences u : F — > P and v : G — > Q sttc/i t/iat /or any lei the diagram 



F(G(X)) 




P{Q{X)) 



is commutative, and for any Y e B the diagram 

G(F(Y)) - R{ ^ L 




Q{P{Y)) 



is commutative. Shortly, we write these as a o Pv o uG = r] and (3 o Qu o vF = p. 



Remark 1.8 With the notations from Definition 1.7 we have the following. 

(1) IfT ~ A, then A ~ T, with the latter isomorphism defined by the natural equivalences 
u^ 1 and v -1 . 

(2) Assume that Y ~ A. If r) is an epimorphism, then so is a. Also, if p is an epimorphism, 
then P is an epimorphism. 



Definition 1.9 A right wide Morita context F between A and B is called invertible if there 
exists a wide right Morita context A between B and A such that F o A ~ 1^ and AoF ~ lg. 



The following result shows that the invertible right wide Morita contexts are exactly the 
strict right wide Morita contexts. 



7 



Proposition 1.10 Let T = (F,G,r),p) be a right wide Morita context between the abelian 
categories A and B. Then the following assertions are equivalent. 

(1) T is invertible. 

(2) r is a strict right wide Morita context, i.e. F and G define an equivalence between the 
categories A and B with natural equivalences r\ : F o G — > I4 and p : G o F — > lg. 

Proof: (l)=>-(2) Assume that there exists a right wide Morita context £ = (U,V,e,5) 
between B and A such that Lo£ ~ 1 A and Sor ~ 1 B . Thus (Fo[/, 7oG, 7/oFeG, SoVpU) ~ 
(1.4, 1,4, /rfi^, Idi A ). By Remark 1.8(2) we have that 77 and <5 are epimorphisms. Similarly 
we get that p and e are epimorphisms, so T and E are strict. 

(2)=>(1) Let A = (G,F,p, 77), a right wide Morita context. Then we have that 
T o A = (F oG,F oG,r]o FpG, 77 o FpG) ~ 1^ 

Indeed, we have the natural equivalences 77 : F o G — > I4 on the role of u, and also 77 on the 
role of v from Definition 1.7. Moreover 

Jdi, o 1^77 o ?7(F o G) = 77 o ?7(F o G) = 77 o FpG 

Similarly AoT~ 1 B , and this ends the proof. I 

We have seen that a strict right wide Morita context defines an equivalence of categories. 
The next result shows that any equivalence between abelian categories arises like this. These 
generalize the classical result of Morita which tells that two categories of modules are equiv- 
alent if and only if there exists a strict Morita context connecting them. 

Proposition 1.11 Let A and B be abelian categories and F : B — > A, G : A — > B two 

functors defining an equivalence of categories. Then there exists a wide Morita context 
(F, G, i], p) between A and B. 

Proof: Since F and G define an equivalence of categories, there exist two natural equiv- 
alences u : F o G -> 1 A and v : G o F -> 1 B . Let Y e ca/5. Then w(F(F)) : (F o 
G o F)(Y) — > F(y) is a morphism in ^4. Since F is fully faithful, there exists a unique 
morphism w(Y) : (G o F)(F) -> F in B such that F(w(V) = u(F(Y)). We show that 
w : G o F — * 1 B is a natural transformation, i.e. for any morphism / : Y 1 — > F 2 in 6 
we have ti^l^) (G o F)(f) — f o w(Y]_). Since F is fully faithful, this is equivalent to 
F(w(Y 2 )) o (F o G o F)(/) = F(f) o F(iu(Yi)). By the definition of w, this is the same to 
u(F(Y 2 )) o (F o G)(F(/)) = F(/) o m(F(Fi)), and this is true since u : F o G -> 1^ is a 
natural transformation. 

Since mF = Ftx;, m is a natural equivalence and F is fully faithful, we get that w is also 
a natural equivalence. 
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It remains to show that Gu = wG, and then we have that (F, G, u, w) is a right wide 
Morita context. Denote H = F o G. Since u : H — > 1^ is a natural transformation, we have 
that o H(u(X)) = u(X) ou(H(X)) for any iGi. Since u(X) is an isomorphism, this 

shows that uH = Hu, i.e. (F o G)(w(X)) = w((F o G)(X)). Since uF = Fw, this implies 
that F(G(u(X))) = F(w(G{X))). But F is fully faithful, so then G(u(X)) = w(G(X)), 
showing that Gu = wG, and this ends the proof. I 

We end the section by discussing right wide Morita contexts for which the two functors 
are left adjoints. Let T = (F, G, 77, p) be a right wide Morita context between the abelian 
categories A and B. Assume that (F, F' ,a, (3) is an adjunction, i.e. F' is a right adjoint of 
F, and a : I5 — > F' o F and (3 : F o F' — > 1^ are the unit and the counit of the adjunction. 

This means that both composites F' F' o F o F' — % F' and F F o F' o F F 
are identities. Also consider an adjunction (G, G', 7, 5), so 7 : 1^ — > G" o G, 5 : G o G' — > lg, 

and both composites G" G' o G o G' G' and G G o G' o G G are identities. 
It is known that the functors F', G' are left exact. By [22, page 101] we can define the 
compositions of these adjunctions 

(F, F', a, (3) o (G, G', 7, 5) = (F o G, G' o F', G'aG o 7, /3 o F8F') 

and 

(G, G', 7, 5) o (F, F', a, (3) = (Go F, F' o G', F' 7 F o a, 5 o G/3G') 

We recall that the composition of the adjunctions is associative ([22, page 102]). Now we 
can prove the following key result. 

Proposition 1.12 Let T = (F,G,r),p) be a right wide Morita context between the abelian 
categories A and B such that the functors F and G have right adjoints F' and G' . Then 
there exist natural transformation rj' : 1^ — > G' o F' and p' : lg — > F' o G' induced by Y such 
that (F', G', 77', p') zs a ie/t wide Morita context. 

Proof: We keep the notations above for the adjunctions. By [22, Theorem 2, page 98], there 
exists a unique natural transformation rj' : 1_4 — > G' o F' (called the conjugate of 77) such 
that the diagram 



Hom(M, N) 



Hom(rj(M), 1 N ) 



Hom((F oG)(M),N)- 



Hom(M, N) 



Hom{l M ,rf(N)) 



Hom(M, (G'oF')(N)) 
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is commutative for any M, N e A, where <£> is the isomorphism associated to the natural 
transformation G'aG o 7 or (3 o F5F'. 

Similarly the conjugate p' : lg — > F' o G" of p is defined. By [22, Theorem 2, page 102], 
we have that the conjugate of Gr\ = 1q o rj is rf o 1 G , = rj'G', and the conjugate of pG is G'p'. 
Since Gr] = pG and the conjugate is unique, we have that rj'G' = G'p'. Similarly we see that 
p'F' = F'r]', which shows that (F', G',r)',p') is a left wide Morita context. I 



2 Relative injectivity and right wide Morita contexts 

Let A be an abelian category, and let C be a subcategory of A. If X and M are two objects 
of A, we say that M is C-X-injective if for any monomorphism % : X' — > X in A such that 
X/X' G C, and any morphism / : X' — > M, there exists g : X — ■> M such that g oi — f. 
We denote by J _1 (M, C) = {X e A\ M is C - X - injective}. If I~\M, C) = A, i.e. M is 
C-X-injective for any X e ^4, we simply say that M is C-injective. 

Proposition 2.1 With the above notations, the following assertions hold. 

(1) T~ 1 (M,C) is closed under factor objects. 

(2) If C is closed under extensions, X e X _1 (M, C), and X' is a subobject of X such that 
X/X' E C, then X' E 1~\M,C). 

(3) If A is a Grothendieck category andC is closed under subobjects, thenX~ x [M,C) is closed 
under direct sums. 

Proof: (1) Assume that M is C-X-injective, and let Y be a subobject of X. We show that M 
is C-X/F-injective. Let X'/Y < X/Y such that j^y ~ X/X' e C. Denote by p : X -> X/F 
and p' : X' — * X'/Y the projection morphisms, and by i : X' — > X and j : X'/Y — > X/y 
the inclusion morphisms such that poj = j o p'. Since X e X~ 1 (M, C), we see that there 
exists h : X -> M such that hoi = f op'. But /i(Y) = (/i o i)(y) = (/ o p')(y) = 0, so 
h factorizes through X/Y, i.e. there exists g : X/Y — > M with g op = h. Then we have 
gojop' = gopoi = hoi = fop', and since p' is an epimorphism we have that g o j = /, 
which shows that M is C-X/F-injective. 

(2) Let K be a subobject of X' such that X'/K e C, and let / : if — > M be a morphism. 
Denote by j : K — > X' and i : X' — > X the inclusion morphisms. We have the exact sequence 

— ► X'/K — »■ X/K — ► X/X' — > 

and since C is closed under extensions we obtain that X/K e C. Since M is C-X-injective, 
there exists g : X — > M such that g o i o j = f. Then <? o i : X' — > M and (g o i) o j — f, so 
M is C-X'-injective. 
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(3) Let (Xi) ieI be a family in J _1 (M, C), and let X = © i6 /Xj. Let K < X with X/X G C, 
and let /i : if — > M be a morphism. The family 

jr = . £ _, M \ K < L < X and /, x = /i} 

is inductive when ordered in the obvious way by inclusion, and then by Zorn's Lemma it has 
a maximal element h : N -> M . Let X* = X n X. We have that Xi/Ni = X t /N n X; ~ 
Xj + iV/iV < X/X, and since C is closed under subobjects, we also have Xi/Ni G C. 

Assume that N ^ X. Then there is i G i such that Xj is not a subobject of X, and 
then JVj is not a subobject of Xj. Let g : X, — * X be the inclusion morphism. Since M is 
C-Xj-injective, there exists u : Xj — > M extending /tog. But the restrictions of w and /i to 
Xj are equal, and then it is easy to see that there exists h : X + Xj — > M extending both 
■u and /i (the argument is exactly as in [1, Proposition 1.13]). Then h G T and /i < h, a 
contradiction. We conclude that X must be the whole of X, and then M is C-X-injective. I 



Let A and i3 be abelian categories and let T = (F, G, rj, p) be a right wide Morita context 
between A and B. For any MEAwe write Jm = Im r)(M), and for any X G £> we denote 
J^r = Im p(X). If / : M — > M' is a morphism in A, the commutative diagram 



FG(M)- 



FG{f) 



FG(M') 



T)(M) 



rj(M') 



M 



f 



M' 



shows that J(Im) Q Im 1 - A similar result holds for the objects Jat,X G B. Moreover, if 
/ : M — > M' is an epimorphism, we have ]{Jm) — Im 1 since the functors F and G are right 
exact. In particular we have that Im/i m — 0. 

We consider the following class 

C T = {X G A\f(I M ) = for any M and / : M -> X} 
= {X G ^|/o 77(M) = for any M and /: M -> X} 



Proposition 2.2 H^^/i the above notations, the following assertions hold. 

(1) For any M G A we have M/I M G C T . 

(2) M G Cr i/ o^^?/ z/^m = 0. Moreover, if M <E A and K < M is a subobject such that 
M/K G C r , then I M < K. 

(3) Cr is closed under subobjects and factor objects. If A has direct products, then Cr is 
closed under direct products (i.e. Cr is a TTF-class). Moreover, if A and B have direct 
sums and F, G commute with the direct sums, then Cr is closed under direct sums. 
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(4) If the category A has a family of generators (Ui)i e i, then \UijIu\i G 1} is a family of 
generators of the category Cr- 

(5) If Ii M = Im for any M, then Cr is closed under extensions. 

Proof: (1) Let N G A and let / : N — > M/I M be a morphism. Since /(/a?) < Im/i m = °> 
so /(/a?) = 0, showing that M/I M G C r . 

(2) If I M = 0, then we have M G C r by (1). Conversely, let M G C r . Then for the morphism 
1m '■ M — > M we have = Im(-Tm) = -^m- The last part follows by considering the natural 
projection 7r : M — > M/K. Then it(Im) = Im/k = 0, so Jm < if. 

(3) Consider an exact sequence 

— ► X' X X" — > 

in A, and assume that X G C r . Let M G A and / : M — > X'. Then i o / : M -> X, so 
(i o /)(ijw) = 0. Since i is a monomorphism, we have that /(Im) — 0, so then X' G C r . 

Since 7r is an epimorphism, we have that n(lx) = /x"- But X G Cr shows that Ix = 0, 
and then we also have Ix" = 0, i.e. X" G Cr- 

Let now (Xj) ie / be a family of objects in C r , M <E A and / : M — > U ie i Xi an arbitrary 
morphism. If 7Tj : Y[j eI Xj — > Xj are the natural projections, we have that (7^ o /)(Im) = 
for any 2, so /(Im) = 0. We conclude that flie/^ e ^r- 

Assume now that A and £> have direct sums, and F and G commute with direct sums. 
Let (Mi) ie i be a family of objects in Cr, ©j e /Mj their direct sum, and qj : Mj — > © ie /Mj, 
the natural embedding for any j G i. Since F and G commute with the direct sums, so does 
F o G, therefore (F o G)(® ieI Mi) ~ ® ieI (F o G)(Mj). Since rj is a natural transformation 
we have that 

^(©^M;) o (F o = q,- o rf(Mj) = 

for any j G i, and we conclude that rj(® ie iMi) = 0, which shows that © ie /Mj G Cr- 

(4) Let X G Cr and X' < X a strict subobject. Since (Ui) ie i is a family of generators 
of A, there exist % G i and a morphism / : C/j — > X such that Im / is not a subobject of 
X'. Since /(i[/J < ix = (by (3)), then / factorizes through a morphism g : Ui/1^ — > X. 
Clearly Im <? = Im / is not a subobject of X', and this ends the proof. 
(5) Let 

— > X' -U X X" — > 

be an exact sequence with X', X" G Cr- If / : M — > X is a morphism, then (7r o /)(Im) = 0, 
so there exists g : I M —> X' such that io g — /. By hypothesis we have g(h M ) = 0, so then 
#(i M ) = 0. We conclude that /(Im) = and X G C r . I 

Remark 2.3 PL^e note that part (1) of Proposition 2.2 shows thatCr = {X G A\r)(X) = 0}. 
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Proposition 2.4 Let M e A. Then Ker r}(M) G C T . 



Proof: Denote by K = Ker 77 (M) and by i : K — > (F o G)(M) the inclusion morphism. Let 
[/ G .4 be an object and / : [/ — > F a morphism. We have the commutative diagram 



(FoG)(U) 



(FoG)(f) 



(FoG)(K) 



n{K) 



u 



f 



K 



(FoG)(i) 

(F o G)((F o G){M)) UiiLl^jiMj} , ( F G ) (M ) 



Since r^F = Fp and pG = Grj, we have ^((F o G){M)) = (F o G)(?7(M)), and then 

iofor)(U) = io V (K)o(FoG)(f) 

= (FoG)(r](M))o(FoG)(i)o(FoG)(f) 
= (FoG)(r](M) oiof) 
= 

Since i is a monomorphism we have / o r)(U) = 0, showing that K e Cr- I 



Corollary 2.5 // (Ui)i e i is a family of generators of the category A and r)(Ui) is an epi- 
morphism for any i E I, then rj is a natural equivalence. 

Proof: By Proposition 2.2(4), we see that Cr = 0. Then by Proposition 2.4 we have 
Ker i](M) = for any M G A, so i] is a natural equivalence. I 



Definition 2.6 Let M be an object of the abelian category A, and C be an arbitrary sub- 
category of A. We say that M is C-torsion free if for any X G C and any monomorphism 
i : X — > M, we must have X = 0. If M is C-torsion free and C-injective, then M is called 
C-closed. 



Now we can characterize the Cr-closed objects by a categorial property. 
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Proposition 2.7 An object M G A is Cr-closed if and only if for any U G A the natural 
map 

<f) = Hom(r](U), 1 M ) : Hom(U, M) -> Hom((F o G)(C/), M), = /? o ??([/) 

is bijective. 

Proof: For U G A we denote by r)i(U) : (F o G){U) — > /[/ the corestriction of 77(£/) : (F o 
G)(U) — > [/ to It/, and by j : Iu —> U the inclusion morphism. Note that ^(t/) = j o rji(U). 

Assume that M is Cr-closed. Let a:(Fo G)(U) ->Mbea morphism. We consider the 
following diagram. 



Ker 77(17) — ^ (F o G) (17) ■ I v C/ 

a 
M 

As in the proof of Proposition 2.4, i denotes the inclusion morphism. Since Ker rj(U) G Cr 
(by Proposition 2.4) and M is Cr-torsion free, we have that a(Ker i](U)) = 0. Thus there 
exists a unique morphism a : I\j — > M such that a o r)i(U) = a. Since £//7{/ G Cr and M 
is Cr-injective, we see that there exists a morphism (3 : £/ — > M such that a = [3 o j. Then 
a = (3 o j o r)i(U) — (3 o T)(U) = <f>(/3), showing that (b is surjective. 

Now if 4>{0) — (3 o T)(U) = for some f3, we have that f3(Iu) = 0, so then there exists 
(3 : U/Iu — > M such that (3 op — (3, where p : U — > t//7j/ is the natural projection. But 
£7/7(7 G Cr and M is Cr-torsion free, so we must have /3 = 0. Hence /3 = 0, so is injective. 

Therefore (b a bijection, and it is obviously natural. 

Conversely, assume that <fi is bijective for any U. Define p : Hom(Iu, M) — > Hom((F o 
G)(t7), M) by p(/) = / o 77i(C7), and g : 7fom(C/, M) -> Hom(I v , M) by = / o 7. Since 
T)i(U) is an epimorphism, p is injective. We have the commutative diagram 



- Hom(Iu,M)— Hom((FoG)(U),M) 

Q 

Hom(U, M) 
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This shows that p is surjective, so then it is bijective. Hence q is also bijective. 



If U is a subobject of M which is in Cr, we have that ly = 0, and this shows that 
Hom(U, M) = 0. Thus M is C r -torsion free. 

Now if we take an arbitrary U, and K a subobject of U such that U/K G Cr, we have 
by Proposition 2.2 that I v < K. We thus have I K < I v < K < U. If / : K -> M is a 
morphism, it restricts to a morphism /i : /{/ — > M. Since g : Hom(U, M) — > Hom(Ijj, M) is 
an isomorphism, there exists h : U M extending /i. Denote by /' the restriction of /i to 
fT. Let /2 be the restriction of / to Ik (which is also the restriction of f\ to Ik)- Then clearly 
the restriction of /' to Ik is /2, and the natural isomorphism Hom{lK,M) ~ Hom(K, M) 
shows that /' = /. Thus h extends /, and this proves that M is Cr-injective. I 

We can prove now the main result of this section. 

Theorem 2.8 Let Y = (F,G,r),p) be a right wide Morita context between the abelian cate- 
gories A and B, such that the functors F and G have right adjoints F' and G' . Denote by 
Cr (respectively T>y) the subcategory of A (respectively B) defined by the natural morphism 
i] (respectively p). Then the categories of Cr-closed objects of A and T>r-closed objects of B 
are equivalent via the functors F', G' . 

Proof: By Proposition 1.12, we can associate a left wide Morita context (F' , G' ', rj 1 , p') to T. 
Let M E A be C r -closed. By Proposition 2.7 there is a natural bijection 



where U G A. Since G' o F' is a right adjoint of F o G, we have a natural bijection 



The construction of rj' as the conjugate of rj (see the proof of Proposition 1.12) shows that 
ipcj) = Hom(lu,r)'(M)) Since if) and are bijections, then so is Hom(lu,r)'(M)). This 
implies that rj'(M) is an isomorphism. Similarly, if iV e B is Dp-closed, then the natural 
isomorphism p'(N) : — > (F 1 o G')(N) is an isomorphism. 

On the other hand, for any object V G B we have a commutative diagram 



= Hom(r)(U), 1 M ) : Hom(U, M) -> Hom((F o G)(U), M), <f>(0) = (5 o ry(C7) 



^ : Hom((F o G)(U), M) -> //om(C/, (C o F' 



)(M)) 



ffom(V; F'(M)) 



Hom(p(V), l F '(M)) 



Hom((GoF)(V),F'(M)) 



Hom(F(V),M) 



Hom(F(p(V)),l M ) 



Hom((FoGo 



F)(V),M) 
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where the vertical arrows are the natural bijections coming from the adjunction given 
by F and F' . Since Fp = r]F and M G A is Cr-closed, we have that Hom(F(p(V)), 1m) = 
Hom(r](F(V)), 1m) is a bijection, and then also the top horizontal arrow Hom(p(V), 1f'(m)) 
is a bijection. This shows that F'(M) is Dp-closed, by Proposition 2.7. Similarly G'(N) is Cr- 
closed for any N E B which is Dp-closed. These show that F' and G' induce an equivalence 
between the subcategory of C r -closed objects of A and the subcategory of £> r -closed objects 
of B. I 



Corollary 2.9 Let T = (F,G,r),p) be a right wide Morita context between the abelian cat- 
egories A and B, such that the functors F and G have right adjoints F' and G' , and rj is 
an epimorphism. Then A and the category of V^-closed objects of B are equivalent via the 
functors F' and the restriction of F. 

Proof: Since r] is an isomorphism, we have Cr = 0, so the category of all Cr-closed objects of 
A is the whole of A. Denote by T> the subcategory of B consisting of all Dr-closed objects. 
We know from Theorem 2.8 that F' is an equivalence between A and T>. Since F is a left 
adjoint of F', then the restriction F : V — > A is still a left adjoint of F', when regarded as a 
functor from A to V. But then F' is an equivalence, so F : V — > A is also an equivalence. I 



3 The dual case: relative projectivity and left wide 
Morita contexts 

In this section we consider the dual concepts of the ones presented in the Section 2. As 
we will see, this is useful for understanding several examples. Since the dual of an abelian 
category is also an abelian category, we can dualize the definitions and results directly. 

So let A be an abelian category and C a subcategory of A. If M and X are two objects of 
A, we say that M is C-X-projective if M is C°-X-injective as an object of the dual category 
A . It is clear that M is C-X-projective if for any epimorphism p : X — * X' in A, such that 
Ker p G C, and any morphism / : P — > X', there exists a morphism g : M — > X such that 
pog = f. We denote V~\M,C) = {X G A\ M is C-X-projective}. If V~\M,C) = A, we 
say that M is C-projective. We have the following properties. 

Proposition 3.1 With the above notations, the following assertions hold. 

(1) V~ X [M,C) is closed under subobjects. 

(2) If C is closed under extensions, X G V~ l (M,C), and p : X — > X' is an epimorphism 
such that Ker p G C, then X' G V~ 1 (M, C). 

(3) If A is a Grothendieck category and C is closed under factor objects, then V~ X {M,C) is 



16 



closed under direct products. In particular P _1 (M, C) is closed at finite direct sums. 

(4) If A is a Grothendieck category, C is a closed subcategory, and M is a finitely generated 

object, then V~ l (M,C) is closed under arbitrary direct sums. 

Proof: Parts (l)-(3) follow directly by dualizing Proposition 2.1. Part (4) can be proved as 
[2, Proposition 16.12]. I 

Let M be an object of A, and C be an arbitrary subcategory of A. We say that M is 
C-cotorsion free if for any X E C and any epimorphism / : M — > X, we have / = 0. This is 
of course equivalent to the fact that M is C°-torsion free when regarded in the dual category 
A . 

Let now A and B be abelian categories and let T = (F, G, rj, p) be a left wide Morita 
context between A and B. For any Meiwe denote Km = Ker r](M), and for any N E B 
we denote = Ker p(N). By looking at the definition of Im and Jn in Section 2, it is 
natural to consider these objects Km and Ln, since when regarded in the dual category, the 
image of a morphism becomes a coimage. If / : M — > M' is a morphism in A, we have that 
f(K M ) C Dually to the definition we made in Section 2, define now 

C r = {X E A\rj(M) o / = for any M and / : X -> M} 
= {X G ^|Im / < iT M for any / : M — > X} 

If we regard T as a right wide Morita context between the dual categories, then C r is 
exactly the class associated to 77. Similarly one can consider the subcategory T>y associated to 
p. The following results are dual to Propositions 2.2 and 2.4, Corollary 2.5, and Proposition 
2.7. 

Proposition 3.2 With the above notations, the following assertions hold. 

(1) For any M E A we have K M e Cr- 

(2) M e Cr if and only if Km — M. 

(3) Cr is closed under subobjects and factor objects. If A has direct sums, then Cr is closed 
under direct sums (i.e. Cr is a closed subcategory). Moreover, if A and B have direct 
products and the functors F and G commute with direct products, then Cr is closed under 
direct products (i.e. it is a TTF-class). 

(4) If the category A has a family of cogenerators (Qi)iei, then {Kq^i <E 1} is a family of 
cogenerators of the category Cr- 

Proposition 3.3 Let M e A. Then Coker r](M) e C r . 

Corollary 3.4 If (Qiji^i is a family of cogenerators of the category A and i](Qi) is a 
monomorphism for any i <E I, then rj is a natural equivalence. 
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Proposition 3.5 An object M G A is Cr-cotorsion free and Cr-projective if and only if for 
any U G A, the map 

: Hom(M, U) -> Hom(M, (F o G)(U)) 4>{(3) = rj(U) o (3 

is bijective. 

Denote by Ar, pr oj the subcategory of A consisting of all objects that are Cr-cotorsion 
free and Cr-projective. Similarly we denote by Br, pro j the subcategory of B consisting of all 
objects that are £> r -cotorsion free and £> r -projective. The dual of Theorem 2.8 and Corollary 
2.9 are the following. 

Theorem 3.6 Let T = (F, G, rj, p) be a left wide Morita context between the abelian cate- 
gories A and B, such that the functors F and G have left adjoints F' and G' . Then the 
categories Ar, P roj and Br, pro j are equivalent via the functors F', G' . 

Corollary 3.7 Let V = (F,G,i],p) be a left wide Morita context between the abelian cat- 
egories A and B, such that the functors F and G have left adjoints F' and G' . If rj is a 
monomorphism, then the categories A and Br, pro j are equivalent via the functors F' and the 
restriction of F. 

4 Wide Morita contexts over Grothendieck categories 
and equivalence results 

Throughout this section we assume that A is a Grothendieck category and C is a closed 
subcategory of A. Since C is closed under factor objects, an object M G A is C-torsion free 
if for any object X G C and any morphism / : X — > M, we have / = 0. We denote by 
t(M) the sum of all subobjects of M belonging to C. Clearly t(M) exists since C is closed 
under arbitrary direct sums and factor objects. In this way a left exact functor t : A — > A 
is defined; it is called the preradical associated to C. Clearly M is C-torsion free if and only 
if t(M) = 0. If C is a localizing subcategory, we have that t(M/t(M)) = 0. 

For a closed subcategory C, we denote by C the smallest localizing subcategory containing 
C. This is given by 

C = {X G A\ For any X' < X, X/X' contains a non — zero object of C} 

If t is the preradical associated to C, we denote by t the preradical (which is in fact a radical) 
associated to C. We have the following characterization. 
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Theorem 4.1 Let C be a closed subcategory of A, and let M be an object of A. Then the 
following assertions are equivalent. 

(1) M is C-closed. 

(2) M is C-closed. 

(3) If (Ui) ie i is a family of generators of the category A, then M is C-Ui-injective for any 
i G I, and t(M) = 0. 

Proof: (1)=^(2) is clear since C C C. 

(2)=^(1) If t(M) ^ 0, then by the construction of C, the object t(M) contains a non-zero 
object belonging to C, and this would imply t(M) ^ 0, a contradiction. Therefore t(M) = 0. 

We prove now that M is C-injective. Let X G A and X' < X such that X/X' G C, and 
take / : X' — > M be a morphism. A standard application of Zorn's Lemma shows that there 
exists a maximal subobject Y of X, with X' < Y and there exists a morphism c/ : Y — > M 
extending /. Hence X/Y is a factor object of X/X', so X/Y G C, and then there exists a 
subobject Y < Z < X such that Z/Y £ C. Since M is C-injective, there exists h : Z — > M 
extending ^. This is a contradiction to the maximality of F. We conclude that Y = X and 
M is C-injective. 

(2) =^ (3) is clear. 

(3) =>(2) Let IeA Since X is a factor object of a direct sum of C/j's, and M is C-?7j-injective 
for any i, we see by Proposition 2.1 that M is C-X-injective. I 

Example 4.2 (i) Let R be a ring with identity and I be a two-sided ideal of R. We define 
the class Vi = {M G R — mod\IM = 0}. It is easy to see that Vi is a closed subcategory of 
R — mod. The smallest localizing subcategory of R — mod containing Vi is 

Ci = {M G R- mod\ For any M' < M, M/M' contains some S G Vi, S ^ 0} 

= {M G R- mod\ For any M' < M, there is m G M - M' such that Im C M'} 

Let us note that if the ideal I is idempotent, i.e. I 2 = I, then Cj — Vi- An object M G 
R — mod is Cj-torsion free if and only if it is Vj-torsion free, and this means that 

Ann M (I) = {x G M\Ix = 0} = 

Now by Theorem part (3), we have that M is Ci-closed if and only if AnriM(I) = 
and any morphism f : I — > M of R-modules can be (uniquely) extended to a morphism 
g : R — > M. We conclude that M is Cj-closed if and only if the natural morphism 

a : M — > Homn(I, M), a(m)(a) = am, a G / ,m G M 

is an isomorphism. 

(ii) Let R = (Ba&cRa be a G- graded ring, and let R — gr be the category of left graded 
R-modules. If M = ®\ecM\ is an object of this category, we can consider for any a G G the 
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graded module M(a) such that M(a) = M as an R-module, and the homogeneous components 
are given by M(a)\ = M\ a for any A G G. The object M(o~) is called the a-suspension of 
M. It is known that R — gr is a Grothendieck category with a family of projective generators 
{R(a)\a G G} (see [25] for details). 

Let I be a graded ideal of R, and denote Vi = {M G R — gr\IM = 0}. Then Vi is a 
closed subcategory of R — gr. Moreover, Vi is rigid, i.e. if M G Vi, then M{a) G Vi for any 
a G G. The smallest localizing subcategory of R — gr containing Vi is 

d = {M G R- gr\ For any M' < R - gr M, M/M' contains some S G Vi, S ^ 0} 

Clearly Ci is also a rigid subcategory. As in (i) we obtain that if M G R — gr, then M is 
Cj-closed if and only if the natural morphism 

a: M -> HOM R (I,M), a(m)(a) = am, a G I, me M 

is an isomorphism of graded modules. Recall that HOM R (I, M) = ® a eGHOM R (I , M) a , 
where HOM R (I, M) a is the set of all linear maps of degree a (see [25] for details). It is 
clear from this that if M is Cj-closed, then M(a) is Ci -closed for any a EG. 

(Hi) Let R be a ring with local units, i.e. for any finite subset X of R, there exists an 
idempotent element e G R such that ex = xe = x for any x G X (or equivalently X C eRe ); 
see [3] for details. For such an R we have the Grothendieck category R — MOD , of all unital 
left R-modules. An R-module M is unital if RM = M. 

For any two-sided ideal I of R, we can define a localizing category Cj as in (i). Also an 
object M G R — MOD is Ci-closed if and only if the natural morphism 

a : M — > RHom R (I , M), a(m)(a) = am, a G / ,m G M 

is an isomorphism. 

The following is a wide generalization of the classical result of Kato and Miiller (see [20], 
[24]), which is given for categories of modules. 

Theorem 4.3 Let T = (F, G, r\, p) be a right wide Morita context between the Grothendieck 
categories A and B, such that the functors F and G have right adjoints F' and G' . Denote by 
Cy (respectively T>y) the subcategory of A (respectively B) defined by the natural morphism rj 
(respectively p). Then the quotient categories A/Cr and B/T>r are equivalent via the functors 
F',G'. 

Proof: Proposition 2.2 shows that Cr is a closed subcategory of A, and T>y is a closed 
subcategory of B. By Theorem 4.1, an object M G A is Cr-closed if and only if it is Cr- 
closed (and similarly for Dr-closed objects). By [27, pages 195 and 213], the category of 
Cr-closed objects is equivalent to the quotient category A/Cr, and this ends the proof. I 

The following result is a direct consequence of Corollary 2.9. 
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Corollary 4.4 IfT = (F, G, rj, p) is a right wide Morita context between the Grothendieck 
categories A and B, such that the functors F and G have right adjoints F' and G' , and rj is 
an epimorphism, then the categories A and B/V-p are equivalent via the functors F' and the 
functor induced by F . 

Remark 4.5 Let Y = (F,G,r),p) is a right wide Morita context between the Grothendieck 
categories A and B. Proposition 2.2(1) shows that Dp = {Y G B\p(Y) =0}. If we take 
Y G Ker F, i.e. F(Y) = 0, then (G o F)(Y) = 0, so p(Y) = 0, showing that Y G V r . Thus 
for any right wide Morita context we have Ker F C D r . 

Assume now that r] is an epimorphism, and let Y G T> r . Then r)(F(Y)) = F(p(Y)) = 0. 
Since rj is in fact a natural equivalence, we must have F{Y) = 0, so Y e Ker F . Therefore 
Ker F = Vr- Thus Corollary 4-4 can be reformulated by saying that F induces an equivalence 
between the categories B/Ker F and A. 

5 Applications 

In this section we apply the general equivalence results that we proved to several particular 
cases. 

5.1 Morita contexts for rings with identity and the Kato-Miiller 
Theorem 

Let R and S be two rings with identity. A Morita context connecting R and S is a datum 
(R, S, R M s ,s N R , 0, V), where M is an i?-S , -bimodule, iV is a S'-.R-bimodule, : M® S N -> R 
is a morphism of i?-i?-bimodules and ip : iV ® R M — > S is a morphism of S'-S'-bimodules 
such that 



for any m, m! G M, n, n' G N. 

To such a context we associate two trace ideals: / = Im 0, which is an ideal of R, and 
J = Im ip, which is an ideal of S. Consider the categories A = R — mod and B = S — mod, 
and define the functors F : B —> A, F{Y) = M ® s Y , and G : A -> B, G{X) = N ® R X. 
We have a natural morphism rj : F o G — > lR~ mo d, defined by 



4>{m <S> n)m' = mip{n <g> m') 
ip(n (g) m)n' = n(j)(m ® n ) 



(2) 
(3) 



■q(X) : M ® s N ® R X -> X, ■q(X)(m®n®x) 



(j){m <S> n)x 



for any X G R — mod. 
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We also have a natural morphism p : G o F — > l5_ mo d defined by 

p(Y) : N <g) R M <g) S Y ^Y, p(Y)(n ®m®y) = ^(n ® m)y 

It is straightforward to check that T = (F,G,rj, p) is a right wide Morita context. With the 
notation of Section 2 we have that Im = Im r](M) = (Im <p)M = IM for any M e -R — morf. 
By using the definition, the closed subcategory C r associated to T, is exactly the subcategory 
Vi = {M E R — mod\IM = 0}, so the smallest localizing subcategory which contains C r is 
Cj (see Example 4.2 (i)). Since the functors F and G have right adjoints 

F':R- mod -> S - mod, F'(X) = Hom R (M, X) 

G' : S -mod ^ R-mod, G'(Y) = Hom s (N,Y) 

we see then by Theorem 4.3 that the quotient categories R — modjCi and S — mod/Cj are 
equivalent via the functors F' and G'. This is exactly the Kato-Muller Theorem. 

In the case where one of the two maps in the Morita context is surjective, we obtain the 
following result (see [12, Proposition 3.8]). 

Corollary 5.1 If (R, S,rMs,s Nn,(f>,ip) is a Morita context such that <fi is surjective, then 
R — mod is equivalent to a quotient category of S — mod. More precisely, the categories 
R — mod and S — mod/Cj are equivalent via the functor induced by F. 

Proof: Since <f> is surjective we have that r\ is an epimorphism. Now we apply Corollary 4.4. 
I 

The next result shows that in a special case any right wide Morita context between two 
categories of modules arises from a Morita context as we explained above in this subsection. 

Proposition 5.2 Let A = (P, Q, a, f3) be a right wide Morita context between the categories 
A = R — mod and B = S — mod, where R and S are rings with identity, and assume 
that the functors P and Q commute with direct sums. Then there exists a Morita context 
(R, S, M, N, 0, ip) connecting R and S such that A is isomorphic to the right wide Morita 
context T defined by this Morita context. 

Proof: Since P is right exact and commutes with direct sums, there exists an R, ^-bimodule 
M such that P ~ F = M ®s — . Similarly there is an S, i?-bimodule iV such that Q ~ G = 
N <S>r — • Let u : P — > F and v : Q — > G natural equivalences. Then Pv o uG : P o Q — > F o G 
and Gu o vP : Q o P — > G o F are natural equivalences, so there exist natural transformations 
rj : F o G — > 1.4 and p : G o F — > 1 B such that 

rj o Fv o uQ = a (4) 
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and 

P oGuovP = f3 (5) 

The natural transformation rj : FoG — > I.4 must be of the form r](X)(m®n®x) = (f>(m<S>n)x 
for any I 6 i, m G M, n G N and x G X, and similarly p(Y)(n ®m®y) = ip(n ® m)y for 
any Y£B,n£N,m£ M, y G Y . Moreover, the conditions P/5 = aP and = imply 
that (R, S, M, N, 0, ip) is a Morita context connecting R and S. Then T = (F, G, rj, p) is 
the right wide Morita context associated to the Morita context (R, S, M, N, 0, -0). Moreover, 
equations (4) and (5) show that u and v give an isomorphism between A and Y. I 



5.2 Morita contexts for graded rings 

Let R = ©o-gG-Ro- and S = (BaecSo- be two G-graded rings, where G is a group. A graded 
Morita context is a datum (R, S,rM s , s N R , (f>,ip), where M is a graded i?-S'-bimodule, N 
is a graded S'-i?-bimodule, : M ® s N — > i? is a morphism of graded i?-i?-bimodules and 
■0 : N ® R M — * 5 is a morphism of graded S'-S'-bimodules such that equations (2) and (3) are 
satisfied (see [25]). In this case, the trace ideals of the context, I = Im and J = Im ip are 
graded two-sided ideals. To this graded Morita context we associate the right wide Morita 
context T = (F,G,r), p), where 

F : S - gr -> R- gr, F(Y) = M ® S Y 

G : R- gr ^ S - gr, G(X) =N® R X 

and the morphisms rj and p are given by the same formulas as in Subsection 5.1. The 
localizing subcategories associated to T are C/ C R — gr and Cj C S — gr (see Example 4.2 

("))• 

Since the right adjoint functor oi F is F' : R — gr ^ S — gr, F'(X) = HOM R (M,X), 
and the right adjoint oi G is G' : S - gr —> R - gr, G'(Y) = HOM s (N, Y), then we obtain 
by Theorem 4.3 that the quotient categories R — gr/Ci and S — gr/Cj are equivalent via the 
functors F' and G' . 

5.3 Morita contexts for rings with local units 

Let R and S be two rings with local units, and R — MOD and S — MOD the associated 
categories of unital modules. A Morita context for R and S is a datum (R, S, R Ms,s N R , 0, ip) 
as in Subsection 5.1, with the condition that M and N are unital modules to the left and 
to the right. The tensor product is defined exactly as for rings with identity (see [3] for 
details). As for rings with identity we obtain by Theorem 4.3 an equivalence between the 
quotient categories R — MOD /Ci and S — MOD /Cj via the functors SHom R (M, — ) and 
RHoms(N, — ), where I = Im and J = Im ip. 
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Also one can obtain a version of Corollary 5.1 exactly in the same way. Note that for 
instance this explains from a general point of view [4, Proposition 3.7]. 

5.4 Morita contexts and /-projective modules 

Let us consider a Morita context (R, S,r M$,s Nr, <f), ip) connecting the rings with identity 
R and S, and the right wide Morita context T = (F, G, rj, p) associated as in Subsection 
5.1. Let F' and G' be the right adjoints of F and G described in Subsection 5.1, and let 
rj' : lR_ mo d — > G' o F' be defined as follows 

r]\X) (G'oF')(X) = Hom s (N, Hom R (M, X)), r]'(X)(x)(n)(m) = (f){m®n)x 

for any X G R — mod, x G X , m G M and n G N. Similarly one defines p' : ls~ mo d — > F'oG' . 
In this way we obtain a left wide Morita context r op = (P', G', r/, p') between the categories 
R — mod and S — mod. We call r op the opposite of T. If I = Im and J = Im ip, then 
Cp = Cpop = Cj and Dj* = F)y°v — Cj. 

If P G R — mod, then P is Cr°p-projective if and only if P is /-projective, i.e. for any 
epimorphism u : M — > M' with /Ker u — 0, and any morphism / : P — > M', there exists 

: P — > M such that uo g — f. 
On the other hand, P is C/-cotorsion free if and only if Hom(P, M) = whenever IM = 0, 
and it is also equivalent to the fact that P = IP. If we denote by 

Ci, pro j = {M G R - mod\ M is / - projective and IM = M} 

Cj, P roj = {X G S — mod\ N is J — projective and .IN = N} 

then we see by Theorem 3.6 that the categories Ci tPro j and Cj^ pro j are equivalent via the 
functors F and G. 

Similar results can be obtained for the graded case and the local units case by using the 
opposite of the right wide Morita contexts defined in Subsections 5.2 and 5.3. 

Remark 5.3 If I is a two-sided ideal of a ring R, the concept of an I -flat module is defined 
in [21] as follows. The left R-module M is called I -flat if for any exact sequence 

— >N' ^ N — ► Coker u — > 

of right R-modules such that (Coker u)I = 0, we have that the sequence of abelian groups 

— >N' ® R M u ^ N(g) R M — ► Coker u ® R M — > 

is exact. Then one defines a category 

C I flat = {M G R- mod\ M is I - flat and IM = M} 

It is proved in [21] that if the R-module M is I -projective, then it is I -flat, and also that 
C I, proj W jiat- An equivalence result concerning the category Cjji at , which is a particular 
case of our Theorem 3.6, is proved in [21]. 
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5.5 Applications to Doi-Hopf modules 

We first recall some facts about coactions of Hopf algebras on algebras. Let if be a Hopf 
algebra over a field k. Let A be a right iJ-comodule algebra. This means that A is an 
algebra, a right iJ-comodule with i7-coaction given by a i— > J2 ao <8> ai for any a G A, and 
the comodule structure map from A to A <g> iJ is an algebra morphism. The subspace of 
coinvariants with respect to this coaction is A coH = {a G A| X) a <E> ai = a <8> 1}, and it is a 
subalgebra of A. 

We say that M is an (A, H)- Doi-Hopf module (or simply a Doi-Hopf module) if M is a 
left A-module and a right if-comodule (with m h- > X) m o <8> ^1), such that 

^(am)o ® (am)i = ^ ao m o <S> flimi 

for any a £ A and m G M. We denote by A M. H the category whose objects are the Doi-Hopf 
modules, and in which the morphisms are the maps which are A-linear and iJ-colinear. 

Assume that moreover the Hopf algebra H is co-Frobenius, i.e. there exists a non-zero 
left integral t G H*. In this case the rational part H* rat of the dual of H is a subring without 
identity of the algebra H*, but H* rat has local units. We can form the smash product 
A#H* rat , which is A®H* rat as a vector space (and the element a®h* is denoted by a#h*), 
and has the multiplication given by 

where is the usual right action of H on H*. It is known that the category a-M H is 
isomorphic to the category A#H* rat - MOD of left unital A#iP rat -modules. The A#H* rat - 
module structure of a Doi-Hopf module M is given by (a#/i*) • m = X)^*( m i) am o- We 
identify the categories and A#H* rat - MOD, i.e. we freely regard a Doi-Hopf module 

as a unital module over the smash product, and also the other way around. 

A Morita context (A#H* rat , A coH , P, Q ,[—,—],(—, —)) connecting the smash product and 
the subalgebra of coinvariants was constructed in [4] (see also [14, Section 6.3]). We describe 
briefly this context. We note that in the case where H is finite dimensional, this context is 
precisely the one of [11]. 

The first bimodule is P = A # H *rat A Aco h with the left module structure coming from 
the fact that A itself is a Doi-Hopf module, and the right module structure obtained by 
restriction of scalars. The second bimodule is Q = A coh A A #u* rat where the left module 
structure is the restriction of scalars, and the right A#H* rat -module structure is defined by 
b <— (aj^h*) = J2boaoh*(S~ 1 (biai)g), where S is the antipode of H (which is known to be 
bijective since H is co-Frobenius), and g is the distinguished group-like element of H (i.e. g 
is that group-like element for which the left integrals on H are exactly the right (^-integrals 
on H, see [14, Section 5.5] for details). 

The bimodule maps [— , — ] and (— , — ) are defined by 

[-,-]: P Q = A ® A . oH A -> A#H* rat , 
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[-, -] (a <g> b) = [a, b]=Y, ab #t ^ 61, 

and 

(-,-): Q ® P = A ® A #H*rat A -> A coH , 
(-, -) (a <g) b) = (a, b) = t ■ (ab) = ^ £(ai&i)a 6o- 

The associated trace ideals are / = Im [— , — ], an ideal of A#H* rat , and J = Im (— , — ) = 
t ■ A, an ideal of A coH . The map [— , — ] is surjective if and only if the extension A/A coH 
is i7-Galois (see [4, Section 3]), and the map (— , — ) is surjective if and only if there exists 
a total integral for A, i.e. an iJ-comodule map from H to A that maps 1 to 1 (see [4, 
Proposition 3.6]). We apply the results of Subsection 5.3 to this particular Morita context. 

We first note the following. 

Lemma 5.4 Let M e A#H* rat - MOD. Then I ■ M = if and only if t ■ M = 0. In 
particular, in the case where A/A coH is H- Galois, t ■ M = implies that M = 0. 

Proof: Let a,b G A and m E M. We have 

^2(ab #t J— 61) • m = ^2(t bi){mi)abomo 

= 5^i((6m)i)a(6m) 
= a(t ■ (bm)) 

showing that / • M — if and only if t • M — 0. I 

Thus the closed category Vi (we keep the notation of Subsection 5.3) is given by 

Vj = {Me A#H* rat - MOD\I ■ M = 0} 
= {Me A#H* rat - MOD\t- M = 0} 

The smallest localizing subcategory containing Vi is 

d = {Me A#H* rat - MOD\ For any M' < M, M/M' contains some S^O with I ■ S = 0} 
= {Me A#H* rat - MOD\ For any M' < M, M/M' contains some S^0 with t ■ S = 0} 

Also we define Vj = {N e A coH — mod\JN = 0}, and the smallest localizing category 
Cj containing Vj. Now we have the following result, which is a particular case of the results 
described in Subsection 5.3. 

Proposition 5.5 For a co-Frobenius Hopf algebra H and a right Hopf comodule algebra A, 
there is an equivalence between the quotient categories a-M h /Ci and A coH — mod/Cj induced 
by the above Morita context. 
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By the remarks above we have that Cj = if and only A/A coH is //-Galois, and Cj = 
if and only if there exists a total integral for A. Using these facts, we obtain the following 
two particular cases of Proposition 5.5. 

Corollary 5.6 If A is a right H-comodule algebra such that A/A coH is H -Galois, then the 
category of Doi-Hopf modules A A4 H is equivalent to a quotient category of A coH — mod. 

Corollary 5.7 ([4, Corollary 3.8]) If A is a right H-comodule algebra such that there exists 
a total integral, then the category A coH is equivalent to a quotient category of A M. H . 

We can explain the equivalence from Corollary 5.6 in a more precise way. Assume that 
A/A coH is //-Galois, so d = 0. Let 

F' : A M H -> A coH - mod, F\X) = Hom A#H *r at (A, X) 

be the right adjoint of the functor 

F = A ® AC ° H - : A coH - mod - A M H 

It is easy to see that for any Doi-Hopf module X we have a natural isomorphism 

Hom A#H *rat(A,X) = Hom AMH (A,X) ~ X coH 

Therefore F' ~ (— ) coH , the functor that takes the coinvariants of a Doi-Hopf module. 

Let V be the subcategory of A coH — mod consisting of all Cj-closed objects. Then by 
Theorem 2.8, F' is an equivalence between the categories A M. H and T> (the inverse of this 
equivalence is G' , the right adjoint of the functor G = A <g> A # H *rat — ). If we restrict F to 
V, we see that it is still a left adjoint of the equivalence functor F' (regarded from A M. H 
to V). We conclude that when restricted to V, the functor F is itself an equivalence, so 
FoF'~ 1 a m h - This means that for any Doi-Hopf module M, the natural morphism 

4> M ■ A ® AC oh M coH -> M, <f) M (a <S>m) = am 

is an isomorphism of Doi-Hopf modules. This is exactly the Weak Structure Theorem for 
Galois extensions. This result is not new. It was obtained in [4, Theorem 3.1], and it also 
follows from [17, 2.11] in presence of the fact that for an //-Galois extension A/A coH with 
//-co-Frobenius, the left A coH -module A is flat (see [4, Corollary 3.5]). However our approach 
gives a more categorial idea about how the Weak Structure Theorem arises. 
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6 Left wide Morita contexts and an equivalence theo- 
rem 



Let T = (F, G, rj, p) be a left wide Morita context between the Grothendieck categories A 
and B. As in Section 3 we denote by 

C V = {M e A\r](M) = 0} 

the closed subcategory associated to T. Let 

Cp = {X G A\ For any X' < X, X/X' contains a non — zero object of Cr} 

be the smallest localizing subcategory that contains Cr- Similarly we define the subcategory 
T>y of B, and the smallest localizing subcategory Dp containing Dp. We see by the proof of 
Theorem 4.1 that an object M G A is Cr-torsion free if and only if M is Cr-torsion free. 

Lemma 6.1 If M G A is Cr-torsion free, thenr)(M) : M — > (FoG)(M) is a monomorphism, 
and G(M) is Dp-torsion free. 

Proof: By Proposition 3.2 we have Ker rj(M) G Cp. Since M is Cr-torsion free, we get that 
Ker T)(M) = 0, so 7](M) is a monomorphism. 

Assume that G(M) were not "D r -torsion free. Then there exists Y e Vp, F ^ such 
that Y < G(M). Let % : Y — > G(M) be the inclusion morphism. Since F G X>r, we have 
p(Y) = 0. Then p(G(M)) oi = (G o F)(i) o p{Y) = 0. Since pG = Grj we obtain that 
Grj(M) o % = 0. But 77 (M) is a monomorphism and G is left exact, so Grj(M) is also a 
monomorphism. This shows that % = 0, so Y = 0, a contradiction. We conclude that G(M) 
must be D r -torsion free. I 



Lemma 6.2 (%) If M G C r , i/ien G(M) G £> r - 

^ // i/ie functors F and G commute with direct limits, then for any M G Cp we have that 
G(M) G Vp~. 

Proof: (i) Since M G Cp we have rj(M) = 0. Then p(G(M)) = G(rj(M)) = 0, so G(M) G 
M G X> r - 

(ii) Let t be the preradical associated to the closed subcategory Cp. We define by transfinite 
recurrence the objects M a for any ordinal a. We first set Mi = t(M) G Cp. If a is an ordinal 
such that M a is defined, we define M a+1 such that M a+ i/M a = t(M/M a ). Finally, if a is a 
limit ordinal, we put M a = U / 3 <Q ,M /3 . 
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Since M G Cr, there exists an ordinal «o such that M = M ao . We prove by transfinite 
induction that G(M a ) G Vr for any ordinal a < ao. Indeed, for a = 1 it follows by the 
assertion (i). If a is a limit ordinal, we have that 

G(M a ) = G{Up <a M p ) = lim G(M P ) G V~ v 

since G commutes with direct limits and Vr is a localizing subcategory. 
If a is an arbitrary ordinal, we have the exact sequence 

— M a — > M a+1 ^ M Q+1 /M a ^0 

where M a G C r and M a+ i/M a 6 C r C C r . Since G is left exact, we have the exact sequence 

G(M a ) — > G(M Q+1 ) G( -^ l} G(M Q+1 /M a ) 

Since G(M a+1 /M a ) G £> r , we have that Im G(7r a+ i) G £> r - This shows that G(M a +1 ) G 2>r", 
since £>r is closed under extensions. I 



Proposition 6.3 If M is Cr-closed, then rj(M) : M — > (F o G)(M) zs an isomorphism. If 
N e B is Vr-closed, then p(N) : A" — > (G o F)(N) is an isomorphism. 

Proof: Since M is Cr-torsion free, it is also Cr-torsion free, so by Lemma 6.1 we have 
that rf(M) is a monomorphism and (F o G)(M) is Cr-torsion free. On the other hand 
Coker r](M) G Cr by Proposition 3.3, so r](M) is an essential monomorphism. Since M is 
Cr-injective, there exists a morphism g : (F o G)(M) — > M such that g o r](M) = Im- This 
shows that (F o G)(M) ~ Im n(M) © Coker n(M). But (F o G){M) is Cr~-torsion free, so 
Coker r](M) must be 0, and then r](M) is an isomorphism. Similarly we see that if iV G B 
is "Dp-closed, then p(N) :iV^(Go F)(N) is an isomorphism. I 



Proposition 6.4 If M e A is Cr-closed, then G(M) is Vr-closed. Similarly, if N G B is 
Vr-closed, then F(M) is Cr-closed. 

Proof: Assume that M G A is Cr-closed. By Lemma 6.1 we have that G(M) is Dr-torsion 
free, so it is D r -torsion free, too. Let N E B be the closure of G(M) with respect to 
the localizing subcategory V r . This means that if T' : B — > #/X>r is the natural functor 
associated to the quotient category B/V r , and S" is a right adjoint of T", then N = (S' o 
T')(G(M)). We have the exact sequence 

— ► G(M) -U JV — ► Coker % — ► 
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with Coker % £ T>r- Since F is left exact, we obtain the exact sequence 

— > (F o G){M) F(N) F(Coker i) 

with F(Coker i) £ Cr, by Lemma 6.2(h). We have that Im 9 £ T> r - By Proposition 6.3 we 
have (F o G)(M) ~ M, so (F o G)(M) is IVclosed. Now the diagram 



^(FoG)(M) F ^ ' F(N) — 2— Im0 — -0 

l(FoG)(M) 

(Fo(?)(M) 

shows that there exists a morphism ft, : F(N) — > (FoG)(M) such that hoF{i) = 1(foG)(m)- 
Hence -F(iV) ~ Im © Im 6*. Since F(N) is Cr-closed, then it is Cr-torsion free, so 
Im = 0. This shows that is an isomorphism. We have the morphisms 

M gMM) . (GoFo G)(M) ( goir )(») , (G o F)(iV) 

p(iV) 

N 

where rj(M) is an isomorphism and p(N) is also an isomorphism by Proposition 6.3. We 
conclude that G(M) ~ N, so G(M) is ^-closed. I 



Theorem 6.5 Let Y = (F,G,r),p) be a left wide Morita context between the Grothendieck 
categories A and B such that the functors F and G commute with direct limits. Then the 
quotient categories A/Cr and B/Vt are equivalent via the restriction of the functors F and 
G. 

Proof: Since A/Cr is the subcategory of all Cp-closed objects of A, and B/T>r is the sub- 
category of all TV-closed objects of B, the result follows from Propositions 6.3 and 6.4. 
I 
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7 Applications to Morita-Takeuchi contexts 



In this section we apply the results of Section 6 to left wide Morita contexts arising from 
Morita-Takeuchi contexts. 

7.1 Morita-Takeuchi contexts and a theorem of Berbec 

Let C and D be two coalgebras over a field. A Morita-Takeuchi context connecting C and 
D is a datum (C, D, M, N,(p,ip), where M is a C, D-bico module, N is a D, C-bicomodule, 
4> : C — > MD D iV is a morphism of C, C-bicomodules, and *0 : D — > NU C M is a morphism 
of D-bicomodules such that (l^n^) ° 7m,d = (0Q1m) ° 1c,m and (1^D0) o 7^(7 = 
(■0nljv) 7d,at, where □ is the cotensor product, 7m,d : -W — * MD D D, 7c,m : - ¥ C\J C M, 
1n,c '■ N — > NUqC and 7_d,at : N — > DUe>N are the natural isomorphisms. 

To such a Morita-Takeuchi context we associate a left wide Morita context V = (F, G, 77, p) 
between the categories of right comodules Ai D and .M (see [10]), where the functors F and 
G are defined by 

F:M C ^M D , F{X) = XU C M 
G : M D — > M c , G(Y) = FD D iV 
and the natural morphisms r\ : I^d — > F o G and p : l M c — > G o F are defined by 

?7(y) = (lyDo^) o 7y iD for any F G .M D 

p(X) = (l x n c 0) o 7x,c for any X6M C 

The functors F and G are left exact and commute with direct limits. Denote A = Ker 0, 
which is a subcoalgebra of C, and B = Ker -0, which is a subcoalgebra of D. Let Cr be the 
closed subcategory of A4 C defined by T as in Section 2. We have that 

C r = {M E M C \MU C A ~ M} 

= {M eM c \p M (M)CM ®A} 
= {M e M C \A ± M = 0} 

where A 1 - is the subspace of C* consisting of all maps that annihilates A (see [14, Sections 

1.2 and 2.5]). The smallest localizing subcategory containing C r is 

= {M e M c \AiM = 0} 

where = U n >i A™ A (here A is the usual wedge, see [14], [23]). 

Now we can derive in a natural way as a particular case of Theorem 4.3 the following 
result of Berbec (see [5]). 



31 



Corollary 7.1 Let (C, D, M, N, /, g) be a Morita-Takeuchi context connecting the coalgebras 
C and D, and let Y be the associated left wide Morita context as above. Then the quotient 
categories MP I Cy and M. D /V r are equivalent. 

Proof: The cotensor product functors are left exact and commute with direct limits, so the 
result follows directly from Theorem 6.5. I 

In the particular case where one of the maps of the Morita-Takeuchi context is injective, 
we obtain the following result (see [13, Proposition 2.2]). 

Corollary 7.2 Let (C, D, M, N, /, g) be a Morita-Takeuchi context such that f is injective. 
Then the category M° is equivalent to a quotient category of M. D . 

7.2 Applications to Hopf-Galois coextensions 

Let if be a finite dimensional Hopf algebra over a field k, and let C be a left fT-comodule 
coalgebra. This means that C is a coalgebra (with comultiplication c i— > c i ® c 2) and a 
left if-comodule (with coaction c i— > J2 c (-i) <H> c (o)) such that 

c (-l) ® C( )l <S> C( )2 = 51 C 1(~1) C 2(-1) ® C l(0) ® c 2(0) 

and 

E £ ( c (o)) c (-i) = ^(c) 1 ^ 

for any c E C. We can form the smash coproduct C X H, which is C <E> if as a /c-vector 
space, with the element c <E> ^ denoted by c x /i, and has a coalgebra structure with counit 
Sc X £h and comultiplication given by 

A(c xh) = 2(ci x c 2( _i)/ii) ® (c 2 ( ) x /i 2 ) 

We also consider the factor coalgebra C = C/CH* + , where C is regarded as a right iJ*- 
module, and H* + = Ker Let t G if* be a left integral on H, and a E H the distinguished 
grouplike element. Then we have a Morita-Takeuchi context (C X H,C,C,C, f, g) as 
follows (see [15, Theorem 1.1] for details). The left and right C-comodule structures on C 
come via the natural projection C — > C. The left coaction of C X H on C is given by 
c I— > XX c i X c 2 (_i)) ® c 2 (o), and the right coaction of C X H on C is 

c ^ H c i(o) ® ( c 2(o) X 5 , ~ 1 (ci(-i)C 2( _i))a) 
The maps / and g are defined by 

f :C XH^ CD^C, f(c X /i) = ^c 1 m(c 2( _ 1) /i)c 2(0 ) 
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g : C -> Cn C xi?C, g(c) = ^ t ( c i(-i) c 2(-i))ci(o)nc 2 (o) 
where c denotes the class of c G C modulo the coideal CH* + . 

We can apply Corollary 7.1 to this Morita-Takeuchi context, and we find that certain 
quotient categories of M C><H and M° are equivalent. This may be reformulated if we take 
into account that the category M C><H is isomorphic to the category of right C, if-comodules, 
consisiting of all objects that are right C-comodules and right if-comodules, and the two 
comodule structures satisfy a compatibility condition (see [7]). 

If moreover C/C is an i7*-Galois coextension, which is equivalent to the map / in the 
Morita-Takeuchi context being injective (see [15, Theorem 1.2]), then we obtain by Corollary 
7.2 that the category J\A c>lH is equivalent to a quotient category of MP . 

On the other hand, in the case where H is cosemisimple (or equivalently H* is semisim- 
ple), we have by [7, Proposition 3.7 and the comments before it] that C ~ C coH , the asso- 
ciated coalgebra of coinvariants. In this case it is easy to see that the map g is injective. 
Indeed, if g(c) = 0, then by applying I <S> Sc, we get that c ■ t = 0. Since H is cosemisim- 
ple we can choose t such that t(l) = 1. Then (e — t)(l) = 0, so e — t e H* + . Hence 
c = c-e = c-(e — t) G CH* + , so c = 0. Thus for cosemisimple H we obtain by Corollary 7.2 
that the category M. c is equivalent to a quotient category of J\A C><H . 
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